
-- Exam Advanced Measure Theory --
Monday 20th June 2022, L4:L6-I7¿L6h

Lecturer: dr. S.C. Hille (Mathematical Institute, Leiden University)
Teachi,ng assistant: Esmée Theewis

¡ The exam is 'open book': students are allowed to use the syllabus, books and lecture
notes used during the course, as well as their corrected assignments.

r Argue carefully and write clearly. Put your name and student number clearly visible
on each piece of paper that you hand in.

The exam consists of four main exercises.

In any of the questions that follow - unless specifically stated otherwise - S is a general Polish
space, equipped with its Borel o-algebra 6(^5), and an admissible metric d has been chosen.

BL(S,d) is the associated space of bounded Lipschitz functions and ,Âl(^9) the space of finite
sigrred Borel rneasures ou ,S. As usual, (p, f) : Ïs f dp.

1.) [Total: 7pt] Let p e M(S) and suppose that

0",f)>0 f'orall/e BL(S), f >0. (1)

(a) [Spt] Show that (1) implies that p,(C) > 0 f'or all C c ,9 closed.

(U) [+pt] Prove, usirrg the result frorn (a), that ¡r is a positive rneasure.

2.) fTotal: 9pt] Fix a non-zero p e Jv4(S) and let hn e Lt(S, Lù, n e N. The sequence (h,)
is called uni,formly i,ntegrable if

.l5;;:R lrn'11{þ^t¿u}dlPl:o' (2)

To each h, we associate the finite signed Borel measu te pn :: hnd,¡-t,, via

r
p."(E):: 

Juh,"du", 
E e B(S). (3)

You may use without proof that lp.l : lh"l dlpl.

(a) [3pt] Suppose that for some 1 < p < æ, hn € Le(S,¡r) f'or all n and that
sup,exll lh"lodpllrv ( oo. Show thar (h,) is uniformly integrable.

(b) [+pt] Prove: if (å") is uniformly integrable, then (i.) s]pneN ll¡r"llrv < æ and. (i.i)

{1t,, n e N} is unif'ormly tight.

(c) [2pt] Take ,S : R with the ]:luclidearr rnetric, ¡r the Borel-Lebesgue rneasure orr IR

and. hn ': n1l¡o, jl. Show that {hn : n e N} is unif'ormly tight and supne Nr llp" llry <
oo, but (ñ,r) is rrot uniforml)'integrable.
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3.) fTotal: 10pt] Let (S¿,E¿), i:1,2, be measurable spaces and þ: ^91 4 52 a (X1,12)-
measurable map. The push-forward measure of p, € M(S¡,E1) under the map @ is
defined as

(ô#p)@)= p(ó-t@)), E eEz. (4)

(a) [2pt] Prove, that for arry p € "Âl(S1, X1):

(ó#p)+ < ó#0'\ and (ó#tù- < ó#0'-).

For the remainder of this question assume additionaJly that @ is bijective, with inverse

ó-1 , Sz -+,Sr that is (82,X1)-rneasurable too.

þ) [Zpt] Show, using appropriate Hahn decompositions, that in this setting

(ó#tò+ : ó#0'\ and (ó#tò- : ó#0'-).

Let p,,u € M(Sy,Ð1) be such that þL < u. Let /¿ € L'(St,Ð1, z) be the Radon-Nikodym
derivative of p with respect to z.

(c) [rpt] Prove, that þffp, < ó#v.
(d) [Spt] Give an expression for the Radon-Nikodym derivative fbr Qff¡.twith respect

to þffu, in terms of h and f. Prove your claim.

4.) [Total: 10pt] Fix an adrnissible metric d on the Polish space ^9. For arry / : ,5 -+ lR

bounded measurable (i.". "f € BM(S)), define the linear map

T¡ : M(S) -+ lvl(S) : p, r+ f dp,, (5)

where t
$ ¿ù@) :: 

JEf 
dp. E e B(s). (6)

Hence U dp, S) : çt, f S) for a.ll p € M(S) and /,9 € BM(S).

Prove the following, where in each staternerrt M(S) is equipped with the same irrdicated
topology both in the domain and codomain:

(a) [2pt] If / e BM(S), then ?¡ is continuous for the ll - llay-norm topology.

(l) [Zpt] If / e C6(S), then ?¡ is continuous f'or the weak topology on measures.

(c) [3pt] If / e BL(S), then ?¡ is continuous for the ll - lli"-norm topology.

(d) [Spt] Prove the converse to (c): if / e BM(S) is such that ?¡ is a bounded linear
operator on (,iV(,9), ll ' llät,), then / € BL(S).

The marim,al total number of points that can be obtai,ned, is 36. The mark for the eram ,is

computed as ('total po'ints obtai,ned'14) * 1, rounded to one dec,imaL
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