Differentiable manifolds II — 2022

Final Exam

Wednesday June 15 2022, 14:15-17:00.

This exam has 3 questions on 2 pages. The total number of points to earn is 45.
The grade for the exam will computed as grade = 1 + M&;’_Ww

Good luck!

1. Consider the n-sphere in R™*!;

n+1
S":={z e R™" :||z|® = af =1}.
1=1

The space S" x R"! has the structure of a (trivial) vector bundle over S™ with projection map
I:S" x R**! — §" given by [I(p,v) = p. Addition and scalar multiplication are defined by
(p,v1)+ (p,v2) = (p,v1 +1v2), A-(p,v) = (p,Av), ) €R.
Consider the closed embedded submanifold
i = {(p, v) € S" x R"™ : (p,v)gn = 0} C S" x R*!,
where (p,v)gn+1 := Y., p;v; denotes the standard inner product on R+,

a. (5pt) Prove that T is closed under addition and scalar multiplication in S* x R*™ and
that the restriction Il : T — S™ is surjective.

Recall that the coordinate projections
pr, : R 5 R, z= (21, -, Tny1) — Ti,
restrict to functions pr; : S* — R and are element: of C*(S§"). For p € S* we denote by T,S"
the tangent space at p and by
TS" := {(p,vp) : p € §", v, € T,S"},
the tangent bundle of S™.
b. (5 pt) Let v, € T,S™ be a derivation at p. Show that the map
a:TS" = 8" x R™, (p,vp) = (P, 0p(pry), -+, Up(PTaya)),
maps T'S™ into the subspace T
We consider T'S™ with its usual vector bundle structure and projection map = : (p, v,) — p.
c. (5 pt) Using that the inclusion ¢ : S® -+ R™"! is a smooth embedding, prove that
a:TS™ = T is a diffeomorphism and thas
Doa=m, a(p,v))=2ralp,v), a((p,v1)+ (p2,v2)) = a(p1, v1) + a(pa, va).
Conclude that T admits the structure of a smooth vector bundle over S™ and that
T ~TS"

2. Let (A, g) be a compact oriented n-dimensional Riemannian manifold with boundary OM
and volume form w,. The volume of M is definel to be vol(M) := [w,. Recall the divergence
operator which for a vector field X is defined by div(X)w, = dB(X). Here g : Z(M) —
Q" 1(M) is the map

BX) (X, » Xnt) = (X, X+, Xnn).
For vector fields X,Y € 2 (M) we write (X,/), for g(X,Y) € C®(M). Recall that the
Riemannian metric g induces isomorphisms

b: (M) — Q' (M), | :QY(M)—> Z(M),
determined, for X € 2 (M) and w € Q' (M), by

(X" w)g = W(ff) = (X, '),
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The gradient of f € C®°(M) is the vector field grad f defined by
gradf := (df), (gradf, X), = df(X) = X[, VX € Z(M).
a. (5pt) Show that for all f € C°°(M) we have the identity
div(fX) = fdiv(X) + (gradf, X)g-
The scalar Laplacian is the map
A: C®(M) = C®(M), [~ div(gradf).

As before N denotes the outward unit normal to M.

b. (5 pt) Prove Green’s identities for f,h € C>(M):

/M fAhwy + /M(gradf, gradh) wg = /aM N (h)ng

and
/ (fAR = hAf)w, = / (FN(R) = RN ().
M oM

Here 7, denotes the induced volume form on OM and N(f) denotes the function obtained
by the action of the vector field IV on the function f.

c. (5 pt) Let (M,g) be a compact oriented Riemannian manifold with boundary and
volume form w,. Let N be its outward pointing normal vector field. Prove that

vol(OM) = / div(N)w,
M
Let
B! = {z e R™ : ||z < 1},

denote the closed unit ball B**! in R**!. The boundary of B"*! is the n-sphere S™ as defined
in Exercise 1. We equip B"*! with the Riemannian metric induced from the Euclidean metric

n+l n+1 a n+1 8
XY)=) XY, XY Ry, X=) X,—, Y=Y Y—
g( 7 ) Z bl ) e %( )) IZZI ax’LJ ; BI,L’

i=1
on R+,
d. (5 pt) Using the outward pointing normal N = Z?:ll xi%, prove the equality

vol(S™) = (n + 1)vol(B")

3. Let (M, g) be a compact connected oriented Riemannian manifold with volume form w,. Let
[a,b] CR, v : [a,b] = M asmooth curve and w € Q}(M) a smooth one form. The line integral

of w along <y is defined as
b
/ w = / vw.
¥ a

The form w is conservative if jﬂ/w = 0 for all smooth curves v : [a,b] — M with v(a) = y(b).

a. (5 pt) A vector field X is conservative if X b e QY(M) is conservative. Prove that X is
conservative if and only if there exists a function f € C*®(M) such that X = gradf.

Suppose that (M, g) is an oriented 3-dimensional Riemannian manifold. Define
curl : (M) — Z (), curl(X) := g tax’.
Here 8 : 2 (M) — Q*(M) is as defined in Problem 2.
Recall that the first de Rham cohomology space Hjn(M) is defined as
Hig(M) = {w € Q' (M) : dw=0}/{df : f € C>(M)}.
b. (5 pt ) Assume that Hjp(M) = 0. Prove that X is conservative if and only if curl(X) =
0.




