
Differentiable manifolds II - 2022
Final Exam

Wednesday June 15 2022, 14:75-17:00.
This exam has 3 questions on 2 pages. The total number of points to earn is 45

The grade for the exam will computed as grade:1* numbe¡-of points.

Good luck!

1. Consider the n-sphere in IR'+l:
n*1

S' :: {r e R"+1 
' ll"ll' 

: t r? : I}.
i:r

The space 5n t pn+1 has the structure of a (trivial) vector bundle over S' with projection map
II : S" x Rr¿+l -+ S' given by tI(p,r): p. Addition and scalar multiplication are defined by

(p,rt)'l (p,ur): (p,ut-|uz), À'(p, r): (p,Àu),À e R.

Consider the closed embedded submanifold

. T ': {(p,u) e S'x IR'+l : (p,u)p.:0} c S'x IR'*l,

where (p, a)p.*' :: lf,:sp,iu¿ denotes the standard inner product o{r R'*t.
a. (5pt) Prove tltat T is closed under addition and scalar rnultiplication in S' x lR'+l and

that the restriction fI:7 -+ S'is surjective.

Recall that the coordinate projections

pr, : lR'+l -+ IR,, : (rt,. --,rn+r) è rit
restrict to functions pr¿ : S' -+ IR and are elementr; of C-(S'). For p € S' we denote by 4S'
the tangent space at p and by

TS' :: {(p,uo) : p € S.l', r.,o e ?oS"} ,

the tangent bundle of S'.
b. (5 pt) Let uo € 7oS'be a derivation at p. iìhow that the map

a : ?S' -+ S' x lR'*l, (p,uò è (p,ur(prr),' . . 
, øo(pr",+r)),

maps ?S' into the subspace 7.
We consider 7S' with its usual vector bundle stru,:ture and projection map r : (p,rr) r+ p.

c. (5 pt) Using that the inclusion ¿ : S' --n pn+1 is a smooth embedding, prove that
a:7S" -+ 7 is a diffeomorphism and tha:

fIo e.:'rT, t(\(p,u)): Àa(p,u), *((pt,ut) * (pz,rr)) -- a(pt,ut) * a(p2,u2).

Conclude that 7 admits the structure of a smooth vector bundle over S' and that
7 - ?S".

2. Let (A{,g) be a compact oriented n-dimensioiral Riemannian manifold with boundary ðM
and volume form wn. The volume of. M is define.ì to be vol(M) t: [ øn. Recall the diuergence
operator which for a vector'field X is defined by div(X)ø, : dþ(X). Here þ : %(ll'[) -+
fÌ,-r(M) is the map

þ(X)(Xt,. .., Xn-t) : u(X, Xt,..., Xn-t).
Fol vector fields X,Y e 9ü(M) we write \X)/)n for g(X,Y) e C*(M). Recall that the
Riemannian metric A induces isomorphisms

b : ,gü: (M) -+ Qr (M), 
", 

: QI (M) --+ g (M),

<letermined, for X € g(M) and ø e f)1(M), bv

(Xb,r)n:: u(X) ,: (4,rt)n.
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The gradient of / € c*(M) is the vector field grad/ defined by

grad/ ': (d.f)$, (grad/, X)s:: d/(X) : Xf , VX e '%'(M)

a. (5pt) Show that for all / e C*(M) we have the identity

div(/X) : /div(X) * (grad/, X)n'

The scala,r Laplac'ian is the maP

L,: C*(M) -+ C*(M), / -+ div(grad/)'

As before ly' denotes the outward unit normal to ôNI '

b. (5 pt) Prove Green's id,entiti,es fot f ,h € C*(M):

and

Hereqn

_by the
c. (5 pt)

volume

l r f onrn + l rk ua[,grad'h) nan : Iur f 
N (h)nn

ft
J *U 

oh - hlf)ws : 
J aMU 

N (h) - hN (f))qs.

d.enotes the induced volume form on ðM and,N(/) denotes the function obtained

action of the vector fietd lú on the function /'
Let (1ì.1, g) b" a compact oriented Riemannian manifold with boundary and

for*'øn.-íet 1{ be its outward pointing normal veqtor field. Prove that

f
vol(ôM) : 

J*div(.n/)ø,

lB'*r :: {z e R"+1 : llrll < 1} ,

Let

denote the closed unit ball lB"+l in Rn+l. The bounclary of 6n+1 it the n-sphere S'as defined

in Exercise 1. We equip lE'+1 with the Riemannian metric induced from the Euclidean metric

îron, x,Y e %(nn'*'), x: t xu*, Y: Ï Yn!,
i- r ,--l' 

^" ð*o' ? " ðr¿'

orr ]R.'+1.

d. (5 pt) Using the outward pointing normal ¡f : Iilrt "oh, 
plove the equaiity

vot(S') : (n* 1)vol(8"+1)

3. Let (M, g) be a compact connected oriented Riemannian manifold with volume form un' Let

þ, Ul a'O,'t': la,b) -+ M a smooth curve and ø € 01(M) a smooth one form. The line integral

of ø along 7 is defined as

The rorm ø is conservative ir 

',w 

: r l'ur'u-rJ"Ï:r'"es 'y : [ø, b) -+ Mwith 1(a) : 1(b).

a. (5 pt) A vector field X is conservative if Xb e Q|(M) is conservative. Prove that X is

conservative if and only if there exists a function f e C-(A''l) such that X : grad/'

suppose thai (M,g) is an oriented 3-dimensional Riemannian manifold. Define

r;rxl:9['(M) -+ 9[ (t,f),curl(X) ': P-rdxb'

Here þ : ,%'(ll[) -+ oø2(lvt) is as defirred in Problern 2'

Recall that the flrst de Rham cohomology space H)o@) is defined as

H)*(M),: {, € Ol(M) : d,ø:0}/{d/ : f e C*(M)}'

b. (5 pt ) Assumc thal Hlp(M) : 0. Prove bhat X is conservative if and only if curl(X) :
0.


